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A particular class of minihypers was studied previously by the authors (in press,
Des. Codes Cryptogr.). For q square, this paper improves the results of that work,
under the assumption that no weights occur in the minihyper. Using the link
between these minihypers and maximal partial s-spreads of PG(N, q), (s+1) |
(N+1), the findings on minihypers translate immediately into results on the
extendability of partial s-spreads with small positive deficiency. Other applications
of this characterisation of minihypers are given by P. Govaerts et al. (in press,
European J. Combin.). © 2001 Elsevier Science
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1. PRELIMINARIES
A partial s-spread S of PG(N, q) is a set of mutually skew s-dimensional
subspaces. It is said to be maximal if it cannot be extended to a larger
partial s-spread. Points of PG(N, q) that are not contained in any element
of S are called holes. A partial s-spread is an s-spread if it partitions the
point set of PG(N, q). The projective space PG(N, q) has s-spreads if and
only if (s+1) | (N+1). If this is the case and S is a partial s-spread of size
(qN+1−1)/(q s+1−1)−d, then the number d is called the deficiency ofS.
Maximal partial 1-spreads of PG(3, q) with small deficiency can be
linked to blocking sets in PG(2, q).
A blocking set B in PG(2, q) is a set of points such that any line of
PG(2, q) contains at least one point of B. A blocking set is said to be trivial
if it contains a line; it is said to be minimal if it has no proper subset that is
still a blocking set.
The known results on the smallest non-trivial blocking sets of PG(2, q)
are stated in the following theorem.
Theorem 1.1. (i) (Bruen [5]) The smallest non-trivial blocking sets in
PG(2, q), q square, have cardinality q+`q+1 and are equal to Baer
subplanes PG(2,`q).
(ii) (Blokhuis et al. [4]) In PG(2, q), q square, q=ph, h > 2, p
prime, with c2=c3=2−1/3 and cp=1 for p > 3, every non-trivial blocking set
K of cardinality |K| < q+cpq2/3+1 contains a Baer subplane.
(iii) (Szo˝nyi [16]) In PG(2, q), q=p2, p prime, every non-trivial
blocking set K of cardinality |K| < 3(q+1)/2 contains a Baer subplane.
(iv) (Blokhuis [2]) In PG(2, q), q prime, q > 2, |K| \ 3(q+1)/2 for
every non-trivial blocking set K.
(v) (Blokhuis et al. [4]) In PG(2, q), q non-square, q=ph, h > 2, p
prime, with c2=c3=2−1/3 and cp=1 for p > 3, |K| \ q+cpq2/3+1 for every
non-trivial blocking set K.
We will also need blocking sets in PG(N, q) with respect to hyperplanes;
these are sets of points of PG(N, q) intersecting every hyperplane in at
least one point. The smallest minimal examples are characterised in the
following theorem.
Theorem 1.2 (Bruen [7]). The smallest blocking sets in PG(N, q) are
the lines and the smallest non-trivial blocking sets contained in a plane of
PG(N, q).
Improvements to this result are stated in Theorems 1.13 and 1.14.
A lot of attention has been paid to maximal partial 1-spreads of PG(3, q)
with small deficiency d. Presently, the known results are:
Theorem 1.3. Let S be a maximal partial 1-spread of PG(3, q), of
positive deficiency d. Then
(i) d \`q+1 when q is square,
(ii) d \ cpq2/3+1 when q is non-square, q=ph, h > 2, p prime, c2=
c3=2−1/3 and cp=1 for p > 3,
(iii) d \ (q+3)/2 when q is an odd prime.
These results follow from the important link between blocking sets in
PG(2, q) and maximal partial spreads in PG(3, q) that have small defi-
ciency. The results for q square have been improved by Metsch and
Storme.
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Theorem 1.4 (Metsch and Storme [14]). Suppose that d is an integer
and q is a square prime power, q > 4, such that
(i) 2d [ q+1,
(ii) every non-trivial blocking set of PG(2, q), q square, with at most
q+d points contains a Baer subplane.
LetS be a maximal partial spread of PG(3, q) with q2+1−d lines, then
(i) d=s(`q+1) for some integer s,
(ii) the set of holes of S is the disjoint union of s Baer subgeometries
PG(3,`q).
Corollary 1.1. (i) Suppose that d is an integer and q square,
q=ph, h > 2, p prime, c2=c3=2−1/3 and cp=1 for p > 3, such that
d < cpq2/3+1.
If S is a maximal partial spread of PG(3, q) with q2+1−d lines, then
d=s(`q+1) for an integer s \ 2 and the set of points of PG(3, q) not
covered byS is the disjoint union of s Baer subgeometries PG(3,`q).
(ii) Suppose that d is an integer and q=p2, p prime, q > 4, such that
2d [ q+1.
If S is a maximal partial spread of PG(3, q) with q2+1−d lines, then
d=s(`q+1) for an integer s \ 2 and the set of points of PG(3, q) not
covered byS is the disjoint union of s Baer subgeometries.
For s-spreads in PG(2s+1, q), the following results are known.
Theorem 1.5 (Metsch and Storme [14]). (i) Let q=p, p prime. Let
S be a maximal partial t-spread of PG(2t+1, q), with deficiency d > 0
satisfying 3q t+1 > 8d3−18d2+8d+4. Then d \ q−1.
(ii) Let q=pr, p prime, r prime. Let S be a maximal partial t-spread
of PG(2t+1, q), with deficiency d satisfying 3q t+1 > 8d3−18d2+8d+4 and
d [ q−2.
Then d — 0 (mod p r−1+pr−2+· · ·+p+1) and the set of holes is the
disjoint union of projected subgeometries PG(r(t+1)−1, p) in PG(2t+1, q).
(iii) Let q=prh, p prime, r the largest non-trivial divisor of rh, h > 1.
Let hŒ be the largest divisor of rh smaller than r. Let S be a maximal partial
t-spread of PG(2t+1, q), with deficiency d satisfying 3q t+1 > 8d3−18d2+
8d+4 and d [ (q−1)/(phŒ−1)−1.
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Then d — 0 (mod p r(h−1)+pr(h−2)+·· ·+pr+1) and the set of holes
is the disjoint union of projected subgeometries PG(h(t+1)−1, p r) in
PG(2t+1, q).
For maximal partial s-spreads in PG(N, q), with (s+1) | (N+1), the
following general result is known.
Theorem 1.6 (Hamada and Helleseth [12], Hamada andMaekawa [13]).
Let S be a maximal partial s-spread of PG(N, q), (s+1) | (N+1), of defi-
ciency d > 0, then d \`q+1.
This result is obtained by translating results on minihypers in PG(N, q)
into results on maximal partial s-spreads. We now give the definition of a
minihyper.
Definition 1.1. An {f, m; N, q}-minihyper is a pair (F, w), where F is
a subset of the point set of PG(N, q) and w is a weight function
w: PG(N, q)QN: xW w(x), satisfying
(1) w(x) > 0 Z x ¥ F,
(2) ;x ¥ F w(x)=f, and
(3) min{;x ¥H w(x) | H ¥H}=m, whereH is the set of hyperplanes
of PG(N, q).
In the case that w is a mapping onto {0, 1}, the minihyper (F, w) can be
identified with the set F and is simply denoted by F.
In this paper, we study the set of holes of a partial s-spread of PG(N, q)
with small deficiency, in the case that s-spreads exist. In order to do this,
we prove some theorems concerning minihypers. The link between
minihypers and the set of holes of a partial s-spread is explained in
Theorem 1.9. Our main goal is to improve the results of Theorem 1.6 and
to obtain a result similar to the result of Theorem 1.4 and Corollary 1.1.
Our main results will be Theorem 4.1 and its application for maximal
partial s-spreads (Theorem 5.1).
The remaining part of this section presents the necessary notations and
also results on minihypers on which we will rely heavily.
A point of a minihyper (F, w) is a point of PG(N, q) with positive
weight, and a collection of l points of a minihyper (F, w) is a collection C
of l points of PG(N, q), counted with multiplicities, such that a point x is
at most w(x) times contained in C. A simple point of (F, w) is a point with
weight one. For a subspace p of PG(N, q) and a minihyper (F, w), the
minihyper obtained by restricting w to p is denoted by (F, w) 5 p. The
parameter f of the minihyper (F, w) is denoted by |(F, w)|.
In order to formulate the next three results, some definitions are needed.
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Definition 1.2. (i) E(N, q) denotes the set of all N-tuples (z0, z1, ...,
zN−1) of integers zi such that (z0, z1, ..., zN−1) ] (0, 0, ..., 0) and 0 [ z0 [
q−1, 0 [ z1 [ q−1, ..., 0 [ zN−1 [ q−1.
(ii) E¯(N, q) denotes the set of all N-tuples (z0, z1, ..., zN−1) of
integers zi such that (z0, z1, ..., zN−1) ] (0, 0, ..., 0) and (a) 0 [ z0 [ q−1,
0 [ z1 [ q−1, ..., 0 [ zN−1 [ q−1, or (b) z0=q, 0 [ z1 [ q−1, ..., 0 [
zN−1 [ q−1, or (c) z0=z1=·· ·=zl−1=0, zl=q, 0 [ zl+1 [ q−1, ..., 0 [
zN−1 [ q−1 for some integer l in {1, 2, ..., N−1}.
(iii) Eext(N, q) denotes the set of all (N+1)-tuples (z0, z1, ..., zN−1, zN)
of integers zi such that either (a) z0=z1=·· ·=zN−1=zN=0, or (b) zN=0
and (z0, z1, ..., zN−1) ¥ E¯(N, q), or (c) zN=1 and z0=z1=·· ·=zN−1=0.
(iv) vl :=(q l−1)/(q−1).
Theorem 1.7 (Hamada [11]). If (E0, E1, ..., EN−1) is an ordered set in
E(N, q) and (F, w) is a {;N−1i=0 Eivi+1,;N−1i=1 Eivi; N, q}-minihyper, then for
1 [ n < N:
(i) |(F, w)5W|\;N−1i=n−1 Eivi+1−n for any (N−n)-space W in PG(N, q)
and the equality holds for some (N−n)-space W in PG(N, q).
(ii) In the special case n=2, |(F, w) 5 D| \;N−1i=1 Eivi−1 for any
(N−2)-space D in PG(N, q) and |(F, w) 5 G|=;N−1i=1 Eivi−1 for some
(N−2)-space G in PG(N, q). Let Hj, j=1, 2, ..., q+1, be the q+1
hyperplanes in PG(N, q) that contain G. Then (F, w) 5Hj is a
3dj+ CN−1
i=1
Eivi, C
N−1
i=1
Eivi−1; N, q4-minihyper
in Hj for j=1, 2, ..., q+1, where the dj are some non-negative integers such
that ;q+1j=1 dj=E0.
The following theorem and lemma are straightforward generalisations of
a theorem of Hamada in [11] and a lemma of Hamada and Helleseth
in [12].
Theorem 1.8. Let (z0, z1, ..., zN) belong to Eext(N, q), N \ 1.
(i) If m \;Ni=1 zivi, then f \;Ni=1 zivi+1 for any {f,m;N,q}-mini-
hyper (F, w).
(ii) If (F, w) is a minihyper in PG(N, q) satisfying |(F, w)|=;Ni=0
zivi+1 and |(F, w) 5H| \;Ni=0 zivi for every hyperplane H in PG(N, q),
then (F, w) is a {;Ni=0 zivi+1,;Ni=0 zivi; N, q}-minihyper.
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Lemma 1.1. If (F, w) is a {;Ni=0 Eivi+1,;Ni=0 Eivi; N, q}-minihyper for
some integers N, q, h and Ei (i=0, 1, ..., N) such that N \ 1, 0 [ h [ q,
;Ni=0 Ei=h and (E0, E1, ..., EN) ¥ Eext(N, q), then the following hold.
(i) If there exists a hyperplane H in PG(N, q) such that |(F, w) 5
H|=;N−1i=0 mivi+1 for some ordered set (m0, m1, ..., mN−1) in Eext(N−1, q),
then (F, w) 5H is a {;N−1i=0 mivi+1,;N−1i=0 mivi; N−1, q}-minihyper in H.
(ii) There exists no hyperplane H in PG(N, q) satisfying |(F, w) 5
H|=;N−1i=0 mivi+1 for any ordered set (m0, m1, ..., mN−1) in Eext(N−1, q)
with ;N−1i=0 mi > h.
(iii) In the case where E0=0 and q \ 2h−1, there is no hyperplane H
in PG(N, q) satisfying |(F, w) 5H|=;N−1i=0 mivi+1 for any ordered set
(m0, m1, ..., mN−1) in Eext(N−1, q) with ;N−1i=0 mi < h.
The reason for the generalisation of the original lemma is that it allows
us to state the following corollary.
Corollary 1.2. Suppose (F, w) is a {;Ni=0 Eivi+1,;Ni=0 Eivi; N, q}-
minihyper satisfying N \ 1, ;Ni=0 Ei=h [ q and (E0, E1, ..., EN) ¥ Eext(N, q).
Suppose p is an r-dimensional subspace of PG(N, q), 1 [ r [N, such that
|p 5 (F, w)|=; ri=0 mivi+1 for some (m0, m1, ..., mr) ¥ Eext(r, q). Then p 5
(F, w) is a {; ri=0 mivi+1,; ri=0 mivi; r, q}-minihyper satisfying ; ri=0 mi [ h.
Lemma 1.2 (Govaerts and Storme [9]). For any {dvm+1, dvm; N, q}-
minihyper (F, w) satisfying 2 [ d [ (q+1)/2, 0 [ m [N−1, and containing
a m-space pm, the minihyper (FŒ, wŒ) defined by the weight function wŒ, where
• wŒ(p)=w(p)−1, for p ¥ pm, and
• wŒ(p)=w(p), for p ¥ PG(N, q)0pm,
is a {(d−1) vm+1, (d−1) vm; N, q}-minihyper.
Theorem 1.9 (Govaerts and Storme [9]). If S is a partial s-spread of
PG(N, q), (s+1) | (N+1), with deficiency d < q and F is the set of holes of
S, then F is a {dvs+1, dvs; N, q}-minihyper.
A t-fold blocking set B in PG(2, q) is a set of points such that every line
of PG(2, q) contains at least t points of B and there exists a line containing
exactly t points of B. A 1-fold blocking set is simply called a blocking set. If
a blocking set contains a line, then it is said to be trivial. It is known that
for a non-trivial blocking set |B| \ q+`q+1 holds, and equality occurs if
and only if q is a square and B is a Baer subplane of PG(2, q), see [6]. The
following results concerning multiple blocking sets will be useful further on
in this paper.
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Theorem 1.10 (Ball [1]). Let B be a t-fold blocking set in PG(2, q). If B
contains no line, then it has at least tq+`tq+1 points.
Theorem 1.11 (Bruen [8]). Let B be a t-fold blocking set in PG(2, q)
that contains a line. Then |B| \ tq+q−t+2.
Theorem 1.12. (Blokhuis et al. [4]). Let B be an s-fold blocking set in
PG(2, q), q=ph, p prime, of size s(q+1)+c. Let c2=c3=2−1/3 and cp=1
for p > 3.
If q > 4 is a square, s < q1/4/2 and c < cpq2/3, then c \ s`q and B con-
tains the union of s disjoint Baer subplanes, except for s=1, in which case B
contains a line or a Baer subplane.
Theorem 1.13 (Storme and Weiner [15]). Let K be a set of points of
PG(N, q), N \ 3, q square, q=ph, h \ 1, p > 3 prime, of cardinality smaller
than or equal to the cardinality of the second smallest non-trivial blocking set
in PG(2, q). Assume that K intersects every hyperplane in at least one point.
Then K contains a line or a planar blocking set of PG(N, q).
Strengthening the condition on the size of the set, but using essentially
the same proof as in [15], the following result is obtained, which does not
exclude the cases p=2 and p=3.
Theorem 1.14. Let K be a set in PG(N, q), N \ 3, q square, q \ 16, of
cardinality smaller than q+cpq2/3. Assume that K intersects every hyperplane
in at least one point. Then K contains a line or a Baer subplane of PG(N, q).
2. PARTIAL LINE SPREADS
Remark 2.1. If (F, w) is a {d(q+1), d; N, q}-minihyper, d [ q, then by
Corollary 1.2, any plane p intersects it in an {m1(q+1)+m0, m1; 2, q}-
minihyper (FŒ, wŒ) for some (m0, m1) ¥ E¯(2, q) 2 {(0, 0)}. Denote by m1(p)
the integer m1 corresponding to the plane p. If m1(p) is zero, then p is said
to be poor; if p is not poor, then it is called rich.
In the following lemmas, we use the parameter cp from Theorem 1.12.
Lemma 2.1. If F is an {m1(q+1)+m0, m1; 2, q}-minihyper (without
weights), q > 16 square, and m0+m1=a < q5/8/`2+1, then either F con-
tains a disjoint union of m1 Baer subplanes or m1=1 and F contains a line.
Furthermore it holds that m1 < q1/4/2, and if m1 > 1, then m1 < cpq1/6.
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Proof. Note that q \ 16 implies that q5/8/`2+1 [ cpq2/3. We distin-
guish four cases.
Case 1. Assume m1=1. Since q > 16, m1 < q1/4/2. Also m0 [
a < cpq2/3. Therefore the conditions of Theorem 1.12 are fulfilled, and F
contains a line or a Baer subplane.
Case 2. Assume 2 [ m1 < q1/4/2. This case is immediately solved by
applying Theorem 1.12. Note that a < cpq2/3 implies 2 [ m1 < cpq1/6.
Case 3. Assume m1 \ q1/4/2, and F contains no line. Theorem 1.10 says
that |F| \ m1q+`m1q+1. Substituting the second appearance of m1 in this
expression by the lower bound m1 \ q1/4/2, and taking into account
|F|=m1q+m1+m0, yields m0+m1 \ q5/8/`2+1, a contradiction. Thus
this case cannot occur.
Case 4. Assume m1 \ q1/4/2, and F contains a line. Then Theorem 1.11
states that |F| \ m1q+q−m1+2. But q > 16, implying q > 2q2/3 \ 2a \
2m1+m0, such that |F| > m1(q+1)+m0, a contradiction.
This concludes the proof of the lemma. L
Remark 2.2. One easily sees that if, under the conditions of Lem-
ma 2.1, F contains the disjoint union of m1 Baer subplanes, then F cannot
contain a line.
Lemma 2.2. Consider a {d(q+1), d; N, q}-minihyper F without weights,
where q > 16 and d < q5/8/`2+1. If N> 4, then F can be projected from a
point into a hyperplane resulting in a {d(q+1), d; N−1, q}-minihyper FŒ. If
N=4, then F can be projected from a point into a solid resulting in a
{d(q+1), d; 3, q}-minihyper (FŒ, w) with less than q1/4/2+1 multiple points
(counted according to their weight).
Proof. The number of secants to F, counting a secant containing m
points of F precisely (m2) times, equals d(q+1)(d(q+1)−1)/2. The sum of
these secants, counting a point that lies on m secants m times, contains less
than d2(q+1)3/2 points of PG(N, q). This number is smaller than
(q1/4/4+1/2) v5.
In the case N> 4, there exists a point r not lying on any secant. Project-
ing F from r onto a hyperplane not containing r, a {d(q+1), d; N−1, q}-
minihyper FŒ is obtained.
In the case N=4, there exists a point r lying on less than q1/4/4+1/2
secants, where a secant is counted (m2) times if it contains m points of F. But
since m \ 2 implies that (m2) \ m/2, the union of these secants through r
contains less than q1/4/2+1 points of F. Thus, if F is projected from r onto
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a solid not containing r, then the resulting structure is a {d(q+1), d; 3, q}-
minihyper (FŒ, w) with less than q1/4/2+1 multiple points (counted
according to their weight). L
2.1. The Smallest Dimension
In this subsection we study {d(q+1), d; 3, q}-minihypers (F, w).
Lemma 2.3. If l is a line containing a points of (F, w), and a plane p is
counted m1(p) times, then there are exactly a planes through l.
Proof. Let pi, i=0, ..., q, be the q+1 planes in PG(3, q) containing l.
Then
C
q
i=0
|(F, w) 5 pi |=a(q+1)+d(q+1)−a.
Since a plane pi intersects (F, w) in a {m1(q+1)+m0, m1; 2, q}-minihyper
satisfying m0+m1=d (Lemma 1.1), it follows that |(F, w) 5 pi |=qm1(pi)
+d, implying
C
q
i=0
(q m1(pi)+d)=(a+d) q+d.
Thus ;qi=0 m1(pi)=a. L
Lemma 2.4. Through a point p of weight a, if a plane p is counted m1(p)
times, there are exactly aq+d planes.
Proof. Consider the set {(pŒ, p) | p a plane, p ¥ p, pŒ ¥ PG(3, q), pŒ ¥ p}.
Count the elements of this set in the following way. A couple (pŒ, p) is
counted w(pŒ) times. Then
a(q2+q+1)+(d(q+1)−a)(q+1)=d(q2+q+1)+q C
p ¦ p
m1(p).
Therefore ;p ¦ p m1(p)=aq+d. L
Lemma 2.5. A line l containing a point p not in (F, w), contains at most
d points of (F, w).
Proof. Suppose l contains a points of (F, w). By Lemma 2.3, counting
a plane m1(p) times, there pass exactly a planes through l. Each one of
them contains p. By Lemma 2.4, counting a plane m1(p) times, there are
exactly d planes passing through p, implying that a [ d. L
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If p is a point of PG(3, q), then a Baer cone with vertex p is a set of
points that is the union of q+`q+1 lines on p that form a Baer subplane
in the quotient space on p. The planes of this cone are the q+`q+1 planes
on p that contain`q+1 of these lines.
Lemma 2.6. Suppose (F, w) is a {d(q+1), d; 3, q}-minihyper with d
satisfying (i) d [ q+12 and (ii) every blocking set with size at most q+d con-
tains a line or a Baer subplane. Suppose furthermore that (F, w) contains no
line. If p is a point of (F, w) with minimal weight, then the rich planes
through p contain a Baer cone B with vertex p.
Proof. Every plane intersects (F, w) in a {m1(q+1)+m0, m1; 2, q}-
minihyper for some integers m1 and m0, where m1+m0=d. Let p be a
point of (F, w) with minimal weight.
Case 1. Suppose the point p has weight one. By Lemma 2.4 there exist
at most q+d planes p through p that satisfy m1(p) \ 1.
Every line l through p lies in at least one of these planes (Lemma 2.3).
Thus, in the quotient geometry of p—describe it by using a plane p not
through p—the lines corresponding to the planes through p sharing at least
a 1-fold blocking set with (F, w); i.e., the planes with m1 \ 1, form a dual
blocking set B. Since |B| [ q+d, B contains a dual line or a dual Baer
subplane. Suppose B contains a dual line; i.e., B contains all lines through
some point r of p. Then there are q+1 planes with m1 \ 1 through the line
pr, a contradiction since by Lemma 2.5 this implies that all points of pr are
points of (F, w). So B contains a Baer subplane, and the rich planes
through p contain a Baer cone B with vertex p.
Case 2. Suppose the point p has weight a > 1. A plane intersects (F, w)
in a {m1(q+1)+m0, m1; 2, q}-minihyper, but since the minimal weight of a
point in the minihyper is a, if a plane p has m1(p) > 0, then m1(p) \ a. By
Lemma 2.4, ;p ¦ p m1(p)=aq+d, such that there exist at most q+d such
planes.
The rest of the arguments can be copied from Case 1.
This concludes the proof. L
Lemma 2.7. Let B be such a Baer cone with vertex p (as described in
Lemma 2.6). Suppose that p has weight one and that d < q5/8/`2+1. Then
any plane Ei of B with m1(Ei)=1 contains a unique Baer subplane B(Ei)
consisting of points of (F, w), and this Baer subplane is contained in B.
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Proof. The proof of this lemma is based on the proof of Lemma 2.2
of [14]. Denote by E0, E1, ..., Eq+`q the planes of B and by ai (i=
0, 1, ..., q+`q ) the number of points of (F, w) in Ei that are not on B.
Then
d(q+1)=1+ C
q+`q
i=0
ai+
1
`q+1
C
q+`q
i=0
(qm1(Ei)+d−1−ai),
or
C
q+`q
i=0
ai=dq+`q−`q C
q+`q
i=0
m1(Ei). (1)
Since through p there are exactly q+d (not necessarily distinct) rich
planes, we know that at most d−`q−1 different planes p of B have
m1(p) > 1.
Let Ei0 be a plane of B with m1(Ei0 )=1, and use the notation
Ei0 5B={l0, l1, ..., l`q}. Since m1(Ei0 )=1, the intersection Ei0 5 (F, w)
contains a unique Baer subplane B(Ei0 )=B (Lemma 2.1). Therefore
|lj 5 B| ¥ {1,`q+1}, for i ¥ {0, 1, ...,`q }.
If ai0 < q−`q , then |B 5B| > 2`q+1. Thus, in this case at least two
lines lj contain more than one point of B. So they are lines of B, such that
p ¥ B, implying that there are at least three lines lj that contain more than
one point of B. It follows that B …B.
Since (1) implies that ;q+`q
i=0
ai < d(q−`q), it holds that B(Ei )^ …B for
at most A :=(;q+`q
i=0
ai)/(q−`q) < d planes Ei of B with m1(Ei)=1.
Now suppose that Ei0 is a plane of B with m1(Ei0 )=1 and that B(Ei0 ) is
not contained in B. Then ai0 \ q−`q such that Ei0 contains at most
d+`q points of (F, w) in B. Let B 5 Ei0={l0, l1, ..., l`q}. Then at most
1+d/`q of these lines can contain at least `q+1 points of (F, w). Thus
at least `q−d/`q of these lines contain less than 1+`q points of
(F, w). For such a line lj, no plane Ei through lj can contain a Baer
subplane of points of (F, w) contained in B. Therefore
A+d−`q−1 \ 1+1`q− d
`q
2 `q ,
implying that 3d \ q+`q+2, a contradiction. L
Lemma 2.8. Through every simple point p of (F, w), there exists a Baer
subgeometry D :=PG(3,`q) consisting entirely of points of (F, w).
Furthermore, this Baer subgeometry is unique.
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Proof. Let E0, E1, ..., Er−1 be the planes of B satisfying m1(Ei)=1.
Note that r \ q−d+2`q+2.
Let p ¥ {E0, E1, ..., Er−1} and let p 5B={l0, l1, ..., l`q}. Suppose a of
these lines contain more than one Baer subline consisting of points of
(F, w). Then |p 5 (F, w)|=q+d \ q+`q+1+a(`q−1), such that a <
q1/8/`2 . Call the lines containing exactly one Baer subline consisting of
points of (F, w) good lines.
Let p and pŒ be two distinct elements of {E0, E1, ..., Er−1} intersecting in
a good line. Denote by B (BŒ) the Baer subplane of p (pŒ) consisting of
points of (F, w). Define D as the PG(3,`q) spanned by B and BŒ. The
good lines of p and pŒ define more than (`q−q1/8/`2)2 planes of B
intersecting p as well as pŒ in a good line. Thus there are at least
q−3q5/8/`2+`q+q1/4/2 planes Ei of B with m1(Ei)=1 that intersect p
as well as pŒ in a good line. Since the Baer subplanes of these planes have
two Baer sublines in common with D, they are contained in D.
Let pg be one of these planes. Then there exists some line of pg on p
that is contained in at least (q−3q5/8/`2+`q+q1/4/2−1)/(`q+1) >
`q−3q1/8/`2 planes of B whose Baer subplane is contained in D.
Therefore, more than q−3q5/8/`2+`q+1 lines of B have a Baer subline
(consisting of points of F) that is contained in D. Denote these lines by
m0, m1, ..., ma.
Suppose that there exists a point pŒ of D that does not belong to (F, w).
Then it lies on d < q5/8/`2+1 rich planes. The q planes of D through pŒ
but not through p, intersect each of the lines m0, m1, ..., ma in a point of
(F, w). Therefore they contain more than q−3q5/8/`2+`q+1 points of
(F, w). Since this number is greater than d, these planes are rich. So, there
are more than d rich planes through pŒ, implying that pŒ ¥ (F, w), such that
all points of D belong to (F, w).
It remains to be shown that this subgeometry D is unique. Suppose that
this is not the case; i.e., suppose that D1 and D2 are two distinct
PG(3,`q)s on the simple point p consisting entirely of points of (F, w).
Then D1 and D2 share at most a Baer subplane and a point. Two distinct
Baer planes, one of D1 and one of D2, intersect in at most a Baer line and a
point, and thus contain at least 2q+2`q+2−`q−2, which is greater
than q+d, points of (F, w).
Now take a look at all the planes of D1 and D2 on p. A plane p of D1
that is not a plane of D2 (and vice versa) contains more than d points of
(F, w) and thus satisfies m1(p) \ 1. A plane p of D1 that is also a plane of
D2 has more than q+d points of (F, w) and thus m1(p) \ 2, unless for
maybe one plane whose Baer subplane belongs to D1 as well as to D2. This
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means that there are at least 2q+2`q+1 rich planes (counted according
to their weight) on p, a number greater than q+d, a contradiction. L
Theorem 2.1. If (F, w) is a {d(q+1), d; 3, q}-minihyper, q > 16, d <
q5/8/`2+1, containing less than q1/4/2+1 multiple points (counted accord-
ing to their weight), then (F, w) is a sum of lines and Baer subgeometries,
and this sum is unique.
Proof. We know (Lemma 1.2) that if (F, w) contains a line, then we
can delete it and obtain a new minihyper that has the same appearance as
the original one. So suppose that (F, w) does not contain a line. Let p be a
simple point of (F, w). By Lemma 2.8, there exists a unique Baer subspace
D=PG(3,`q) consisting entirely of points of (F, w) on p.
Construct in the following way a new minihyper (FŒ, wŒ) defined by the
weight function wŒ,
• wŒ(p)=w(p)−1, for p ¥ D, and
• wŒ(p)=w(p), for p ¥ PG(3, q)0D.
Then (FŒ, wŒ) is a {(d−`q−1)(q+1), d−`q−1; 3, q}-minihyper.
For suppose that this is not the case. Then, by Theorem 1.8, there exists
a plane p that contains less than d−`q−1 points of (FŒ, wŒ). Let
|p 5 (F, w)|=m1(q+1)+m0, with m0+m1=d.
Case 1. p 5 D=PG(2,`q). Deleting D, p contains (m1−1) q+m0
+m1−`q−1 points of (FŒ, wŒ). If m1 were zero, then p could not have
contained PG(2,`q). Therefore, this number is at least d−`q−1. Thus,
the next case has to occur.
Case 2. p 5 D=PG(1,`q). Deleting D, p contains m1(q+1)+m0
−`q−1 \ d−`q−1 points of (FŒ, wŒ), a contradiction.
So, a PG(3,`q) contained in (F, w) can be deleted, resulting in a similar
minihyper. Therefore we can keep on deleting PG(3,`q)s until there are
no more simple points. What remains is a {dg(q+1), dg; 3, q}-minihyper,
dg \ 0, with nothing but multiple points. But the number of multiple points
is smaller than q1/4/2+1, implying dg=0.
It follows that (F, w) is a sum of lines and PG(3,`q)s. Since d [
q5/8/`2+1, there are at most q5/8/`2+1 lines and q1/8/`2 PG(3,`q)s
contained in this sum. A line not contained in this sum cannot be covered
by the lines and PG(3,`q)s of this sum; and similarly, a PG(3,`q) not
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contained in this sum cannot be covered by the lines and PG(3,`q)s of
this sum. Hence (F, w) can be written in a unique way as a sum of lines
and PG(3,`q)s. L
2.2. One Dimension Up
We continue with the study of {d(q+1), d; 4, q}-minihypers F, mini-
hypers without weights, where q > 16 is a square and d < q5/8/`2+1.
Lemma 2.2 states that F can be projected from a point r ¨ F into a solid
not containing p, resulting in a {d(q+1), d; 3, q}-minihyper (FŒ, w) with
less than q1/4/2+1 multiple points. Such a minihyper (FŒ, w) is—as
shown in the preceding subsection—a sum of lines and PG(3,`q)s. In this
subsection we shall ‘‘lift’’ the minihyper (FŒ, w) from PG(3, q) to the
minihyper F in PG(4, q).
Lemma 2.9. There is a one-one correspondence between lines of F and
lines of (FŒ, w).
Proof. Clearly, if l is a line of F in PG(4, q), then l is projected onto a
line of (FŒ, w) in PG(3, q).
Now suppose l is a line of (FŒ, w) in PG(3, q). Since there are less than
q1/4/2+1 multiple points in (FŒ, w), in the minihyper F in PG(4, q), the
plane rl contains less than q+1+q1/4/2+1 < q+`q+1 points of F. By
Corollary 1.2, this plane contains a line consisting of points of F. Clearly,
this line is projected onto l. L
So any line of (FŒ, w) is the projection of a line of F. Removing one by
one all lines of F, by Lemma 1.2, a {dg(q+1), dg; 4, q}-minihyper Fg is
obtained. Denote this new minihyper again by F and the corresponding
minihyper in PG(3, q) by (FŒ, w). Both then do not contain any line.
Lemma 2.10. Every point of F is contained in at least two Baer subplanes
that are completely contained in F.
Proof. Let p be a point of F. Since there are v4 lines through p but only
d(q+1)−1 points of F different from p, there exists a line l through p
containing no other point of F. On l, there are v3 planes. So, through l and
therefore through p, there exists a plane p containing no point of F other
than p. If all solids on p would contain exactly d points of F, then |F|
would be 1+(q+1)(d−1), a contradiction. Thus, on p, there exists a solid
p3 containing more than d points of F. By Lemma 1.1, it contains at least
q+1 points, and the points of p3 5 F block all planes in p3. But p3 contains
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at most q+d points of F (since all other solids on p must also contain at
least d points) and no line of F. Therefore it must contain a Baer subplane
pB consisting of points of F, see Theorem 1.14. Since F 5 p={p}, the
point p is contained in pB.
Denote by pŒ the plane of PG(4, q) that contains pB. Let m be a line
containing p but no other point of F, and m^ … pŒ. On m, there are q2+q+1
planes, q2 of which intersect pŒ only in the point p. Since there are less than
d(q+1) points of F outside pŒ, at least one of them, say pg, contains no
point of F other than p. As in the previous argument, there exists a solid
on pg that contains a Baer subplane p −B consisting of points of F. Also as
above, p is contained in p −B. Clearly, p
−
B is distinct from pB. L
Lemma 2.11. Through any point of F that is projected onto a simple
point of (FŒ, w), there exists a PG(3,`q) consisting entirely of points of F.
Proof. Let pŒ be a simple point of (FŒ, w). Let DŒ be the unique
PG(3,`q) consisting of points of (FŒ, w) that contains it. Let p be the
point of F that is projected onto pŒ. Let p1 and p2 be two Baer subplanes
consisting of points of F through p (Lemma 2.10). Their projections, p −1
and p −2, are Baer subplanes of (FŒ, w). Since in (FŒ, w) a Baer subplane is
contained in exactly one PG(3,`q), both p −1 and p −2 must be contained in
DŒ, which implies that p −1 and p −2, and thus also p1 and p2, intersect in a
Baer line (as there are less than q1/4/2+1 multiple points). Denote the
PG(3,`q) that is spanned by p1 and p2 by D.
Let s be a point of p2 0p1 that is projected onto a simple point sŒ, and
let p3 be a second Baer subplane consisting of points of F through s
(Lemma 2.10). As above, p3 intersects p1 and p2 in a Baer line, implying
that p3 is contained in D.
Now let vŒ be any simple point of DŒ. Let v be the point of F that is
projected onto v. There exists a Baer subplane p consisting of points of F
through v. Let pŒ be the projection of p. Then pŒ is a plane of DŒ and
intersects either
(i) p −1 and p
−
2 in two different Baer lines, in which case p intersects
p1 and p2 in two Baer lines and thus p … D; or
(ii) p −1 and p
−
2 in p
−
1 5 p −2, in which case it has to intersect p −3 in some
other Baer line, implying that p intersects p1 and p3 in two different Baer
lines and p … D.
In any case, v is contained in D. Therefore, D contains more than
q`q+q+`q−q1/4/2 points of F.
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Suppose D is not completely contained in F, i.e., suppose there exists a
point w ¥ D0F. There exist q+`q+1 planes through w that intersect D in
a Baer plane. In each such plane, there are q−`q lines that intersect D
only in w, and two such planes intersect in a line that contains a Baer line
of D. Thus there exist (q+`q+1)(q−`q)=q2−`q lines in planes of D
that intersect D only in w. But since this number is greater than d(q+1), at
least one of these lines, say l, is skew to F. Suppose l … p, where p is a
plane intersecting D in a Baer subplane pB. On l, there exists a plane pŒ
skew to F. All hyperplanes through pŒ contain exactly d points of F. But
one of these solids has to contain p, which contains pB. Since any Baer
plane of D contains more than q+`q−q1/4/2 points of F, a contradiction
is obtained. L
Theorem 2.2. If F is a {d(q+1), d; 4, q}-minihyper, q > 16 a square,
d < q5/8/`2+1, then F is a unique disjoint union of lines and PG(3,`q)s.
Proof. Presently, we still work with the minihyper F not containing any
line. Let p be a point of F that is projected onto a multiple point of (FŒ, w)
(if it exists). There exists a Baer subplane B1 consisting of points of F and
containing p. Since (FŒ, w) contains less than q1/4/4+1/2 distinct multiple
points, there exists a point p2 of B1 that is projected on a simple point of
(FŒ, w). There exists a second Baer subplane consisting of points of F on
p2, and PG(3,`q) :=OB1, B2P is contained in F. Therefore, through any
point of F, there exists a PG(3,`q) of points of F.
Now suppose that there exists a point p of F that is contained in two
distinct PG(3,`q)s of F. Clearly, a PG(3,`q) of F is projected onto a
PG(3,`q) of (FŒ, w). Thus pŒ, the projection of p, is a multiple point.
Therefore, there has to exist another point p2 of F that is projected onto p.
Through this new point there exists a PG(3,`q) of F, which is projected
onto a third PG(3,`q) through pŒ. (Note that p2 cannot be contained in
one of the first two Baer subspaces, otherwise p1 p2 would contain at least
`q+1 points of a PG(3,`q) of F and (FŒ, w) would have at least `q+1
multiple points.) It follows that pŒ has weight at least three, implying that
there exists another point p3 of F mapped onto pŒ. Continuing along this
line of thought, a contradiction is obtained the moment that the weight of
p exceeds q1/4/2+1. Thus p is contained in a unique PG(3,`q).
Resuming our study of the original minihyper F, we see that it can be
written as a disjoint union of lines and PG(3,`q)s. An argument similar
to the one in the previous paragraph, shows that this union is unique. L
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2.3. Arbitrary Dimensions
Theorem 2.3. If F is a {d(q+1), d; N, q}-minihyper, q > 16 a square,
d < q5/8/`2+1, N \ 4, then F is a unique disjoint union of lines and
PG(3,`q)s.
Proof. The theorem holds for N=4 by Theorem 2.2. So suppose
N \ 5, and suppose it holds for all NŒ <N.
By Lemma 2.2, F can be projected from a point r ¨ F onto a minihyper
FŒ in PG(N−1, q), r ¨ PG(N−1, q). By induction, FŒ is a unique disjoint
union of lines and PG(3,`q)s.
If l is a line of FŒ, then rl is a plane in PG(N, q) containing exactly q+1
points of F. By Corollary 1.2, it contains a line, which can be deleted with
the standard procedure. Conversely, if l is a line of F, then it is projected
onto a line of FŒ. From now on, assume that F nor FŒ contains a line.
So FŒ is a unique disjoint union of PG(3,`q)s. Let p be a point of F.
Through p, there exists an (N−2)-space containing no other points of F
and on this (N−2)-space there exists a hyperplane H satisfying
d < |F 5H| [ q+d. This hyperplane has to contain a Baer subplane pB
consisting entirely of points of F and containing p (Corollary 1.2 and
Theorem 1.14). Let p be the plane containing pB. Since vN−v2 > d(q+1),
there exists a line p1 on p not in p containing no other points of F. Repeat-
ing this argument, there exists a plane p2 on p containing no other points of
F and intersecting p in p. Still repeating this argument, there exists an
(N−2)-space pN−2 containing p but no other points of F and intersecting p
in p. As above, there exists a hyperplane Hg through this (N−2)-space
containing a Baer subplane containing p and consisting entirely of points of
F. Since Hg intersects p in a line, this Baer subplane is different from pB.
Taking into account that FŒ has no multiple points, and using the tech-
niques from the proof of Lemma 2.11, it is seen that through every point of
F there exists a PG(3,`q) consisting entirely of points of F.
Now we redirect our attention to the original minihyper that may
contain lines. As in the proof of Theorem 2.2, F is a unique disjoint union
of lines and PG(3,`q)s. L
3. PARTIAL PLANE SPREADS
We study {d(q2+q+1), d(q+1); N, q}-minihypers F, q > 16 a square,
d < q5/8/`2+1, and N \ 5.
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Lemma 3.1. If p is a point of F that is contained in two lines of F, then
the plane spanned by these two lines consists entirely of points of F.
Proof. Denote by p the plane generated by these two lines. Then
|p 5 F|=m1(q+1)+m0 for some pair (m1, m0) ¥ E¯(2, q) or p … F.
Suppose the first possibility occurs. Then m1+m0 [ d, and p 5 F is a
{m1(q+1)+m0, m1; 2, q}-minihyper. By Lemma 2.1 and Remark 2.2,
p 5 F contains a union of m1 Baer subplanes, but no lines, a contradiction.
Thus, the second possibility must occur, and p is contained in F. L
By the standard argument (Lemma 1.2), a plane p contained in F can be
deleted from F, resulting in a new {(d−1)(q2+q+1), (d−1)(q+1); N, q}-
minihyper. So, from now on, assume that no point of F is contained in two
lines of F. The following lemma shows that this implies that F contains no
lines.
Remark 3.1. In PG(3, q), a plane intersects a PG(3,`q) in at least a
Baer line. Therefore, if D is an (N−2)-space containing exactly d points of
F, H is a hyperplane on D, and D is a PG(3,`q) of F 5H, then D 5 D is
a Baer line in D.
Lemma 3.2. If F contains no planes, then it contains no lines.
Proof. Suppose F contains a line l but no plane, and consider a point p
on l. Through p, there exists an (N−2)-space D that intersects F in exactly
d points. Let H0, H1, ..., Hq be the q+1 hyperplanes containing D. By
Theorem 1.7, they intersect F in {d(q+1), d; N−1, q}-minihypers. As seen
in the previous section, such a minihyper is a unique disjoint union of lines
and PG(3,`q)s.
Suppose, without loss of generality, that l is contained in H0. Then,
since we assume that F contains no plane, in Hi (i=1, 2, ..., q), there exists
a PG(3,`q) of F that contains p. Denote this PG(3,`q) by pB, i.
We now show that a point p of F 5 D lies on a unique Baer subline con-
sisting of points of F 5 D. Every point of F 5 D lies in at most one line
completely contained in F and |F 5 D|=d < q5/8/`2+1. Therefore there
exists a hyperplane H through D intersecting F in a disjoint union of Baer
subgeometriesPG(3,`q).Hence,F 5 D is the disjoint unionof d/(`q+1) <
q1/8/`2+1 Baer sublines. Note that this implies that d \`q+1. Since
two distinct Baer sublines intersect in at most two points, it is impossible
that p belongs to a second Baer subline contained in F 5 D. Denote the
Baer subline of F in D on p by Bg and the line containing it by BŒ.
There exists an (N−2)-space DŒ through p containing exactly d points of
F satisfying BŒ^ … ODŒ, lP. This can be seen as follows.
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Since there are vN lines through p, d(q2+q+1)−1 points in F0{p} and
q+1 lines on p in OBŒ, lP, there exists a line p1 on p satisfying p1 5 F={p}
and p1 ^ … OBŒ, lP. Thus BŒ ^ … Op1, lP. Similarly, there exists a plane p2 on p1
satisfying p2 5 F={p} and p2 ^ … OBŒ, p1, lP. Thus BŒ^ … Op2, lP. Continuing
this argument inductively, one sees that there exists an (N−3)-space
pN−3 through pN−4 skew to F0{p} such that pN−3 ^ … OBŒ, pN−4, lP. Thus
BŒ^ … OpN−3, lP.
There are q2+q+1 (N−2)-spaces on pN−3.
• Since each one of them contains at least d points of F, the number of
points of F that needs to be distributed among these (N−2)-spaces, after
they have all received their minimum number of d points, is q2+q.
• An (N−2)-space that contains more than d points of F contains at
least q+1 points of F (Corollary 1.2).
Taking into account that d \`q+1, it follows that there are less than
q+2d (N−2)-spaces through pN−3 with more than d points of F. There are
q+1 (N−2)-spaces through pN−3 in OBŒ, pN−3, lP. Since q+2d+q+1 <
q2+q+1, there exists an (N−2)-space DŒ through p containing exactly d
points of F and satisfying DŒ^ … OBŒ, pN−3, lP. This subspace DŒ satisfies
BŒ^ … ODŒ, lP.
All hyperplanes through DŒ intersect F in a {d(q+1), d; N−1, q}-
minihyper. Let H be the hyperplane through DŒ containing l. Then H
intersects Hi in at least an (N−2)-space pi containing p (i=1, 2, ..., q).
But pi 5 pB, i is at least a Baer line. Let Bi be a Baer line through p in
pi 5 pB, i. Now suppose that Bi=Bj for some i ] j. Then this Baer line lies
in Hi 5Hj=D and is thus equal to Bg, a contradiction, since BŒ ł
ODŒ, lP=H. Therefore Bi ] Bj for i ] j, and the following configuration
exists.
In H, which intersects F in a disjoint union of lines and PG(3,`q)s,
there exists a point p of F contained in a line of F and q Baer sublines of F.
• Baer 3-spaces. H contains at most d/(`q+1) < q1/8/`2+1 sub-
geometries PG(3,`q) of F. Such a PG(3,`q) contains at most q+1
points of F on the q Baer sublines; this occurs when it contains two points
on one of these Baer sublines and one point on all the others. For, if it
would intersect two of these q Baer sublines in two points, then the two
pairs of intersection points would define a Baer subplane Bœ of this
PG(3,`q). This Baer subplane would be contained in H 5 F, so it would
have to lie in one of the subgeometries PG(3,`q) of H 5 F. But these
Baer subspaces are skew to l, and Bœ would intersect l, a contradiction. The
PG(3,`q)s thus contain less than (q1/8/`2+1)(q+1) points on
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B1, B2, ..., Bq. In total there are at least q`q points of F, different from p,
on these lines. Thus, there are more than qq1/4 points left that should be
covered by lines of H 5 F.
• Lines. H contains at most d lines. Thus there exists a line m con-
taining at least qq1/4/d > q5/8 points of F on the Baer lines B1, B2, ..., Bq.
This line cannot contain two points of the same Baer line Bi. Thus, we
obtain the following configuration in a plane p=Om, pP.
(1) A point p ¥ F;
(2) a line m not containing p and consisting entirely of points of F;
(3) more than q5/8(`q−1)+1+q+1 points of F in p.
This implies that p intersects F in more than q+d points. By Lemma 2.1, p
intersects F in at least a 2-fold blocking set, and therefore contains a
disjoint union of Baer subplanes. This is impossible by Remark 2.2.
So, assuming that F contains no plane is the same as assuming that F
contains no line. L
Lemma 3.3. Suppose FŒ is a {d(q+1), d; N−1, q}-minihyper containing
no lines. If lB is a Baer subline contained in FŒ, then lB is contained in a
PG(3,`q) of FŒ.
Proof. The number of Baer 3-spaces in FŒ not containing lB is not big
enough to cover lB. L
Lemma 3.4. If F contains no planes and p is a point of F, then p is
contained in a unique PG(5,`q) of F.
Proof. Let D be an (N−2)-space on p containing exactly d points of F
and denote the q+1 hyperplanes on D by H0, H1, ..., Hq. By Lemma 3.2,
they intersect F in {d(q+1), d; N−1, q}-minihypers that are disjoint
unions of PG(3,`q)s. Looking at an arbitrary Hi, we see that p is on a
unique Baer subline of F 5 D, and that F 5 D is a uniquely determined
union of disjoint Baer sublines. Let lB be the Baer subline of F 5 D con-
taining p, and denote by PG(3,`q) 1 (resp. PG(3,`q) 2) the PG(3,`q) of
H1 5 F (resp. H2 5 F) containing p.
Let l be a line in H1 containing p and intersecting PG(3,`q) 1 in a Baer
subline different from lB. Note that |F 5 l| [ d. Through l there exists an
(N−2)-space b containing exactly d points of F. Each hyperplane through
b intersects F in a {d(q+1), d; N−1, q}-minihyper, i.e., in a disjoint union
of PG(3,`q)s, and none of these hyperplanes can contain PG(3,`q) 2.
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Otherwise, p would lie on two distinct Baer sublines (one on l and one on
PG(3,`q)2 5 b), which is false. So each one of these hyperplanes inter-
sects PG(3,`q) 2 in a Baer line or a Baer plane. Therefore in each
hyperplane through b, there exists a PG(3,`q) of F containing the Baer
line on l and this Baer line or Baer plane of PG(3,`q)2. Therefore
PG(4,`q) :=Ol, PG(3,`q)2P is contained in F.
Now, letting the line l vary, one sees that OPG(3,`q)1, PG(3,`q)2P
=: PG(5,`q) is contained in F. Thus p is contained in a PG(5,`q) of F.
It remains to be shown that this PG(5,`q) is unique.
Suppose p is contained in two PG(5,`q)s: PG(5,`q)1 and PG(5,`q)2.
Let D be an (N−2)-space containing p and satisfying |D 5 F|=d. Then
D intersects PG(5,`q)i in a Baer line Bi (i=1, 2). Since B1 5 B2 ]”,
it follows that B1=B2. Now let H0, H1, ..., Hq be the hyperplanes on D.
They all contain exactly d(q+1) points of F. Denote by PG(3,`q)i, j
the intersection of PG(5,`q)i and Hj, i=1, 2 and j=0, 1, ..., q. Then
PG(3,`q)1, j 5 PG(3,`q)2, j ‡ B1 (=B2), and Hj intersects F in a disjoint
union of PG(3,`q)s (j=0, 1, ..., q). Thus PG(3,`q)1, j=PG(3,`q)2, j
for j=0, 1, ..., q, such that PG(5,`q)1=PG(5,`q)2.
Thus this PG(5,`q) is unique. L
We return to the general case where the minihyper F is allowed to
contain planes.
Theorem 3.1. If F is a {d(q2+q+1), d(q+1); N, q}-minihyper, q > 16,
d < q5/8/`2+1, then F is a unique disjoint union of planes and PG(5,`q)s.
Proof. If F contains planes, these can be deleted (Lemma 1.2), and the
remaining points form a disjoint union of PG(5,`q)s. Thus F is a disjoint
union U of planes and PG(5,`q)s. We now show that this union is
unique.
Suppose that in F a PG(5,`q)=: pB exists that does not belong to U.
Clearly, a plane can contain at most q+`q+1 points of pB. Therefore, by
removing planes, at most d(q+`q+1) points of pB can be removed. What
is left of F is a disjoint union of less than q1/8/`2+1 PG(5,`q)s. Such a
PG(5,`q) can contain at most q2+q`q+q+`q+2 points of pB.
Therefore not all points of pB can be points of F, a contradiction.
Similarly, there cannot exist a plane contained in F that does not belong
to U. L
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4. THE GENERAL CASE
In this section, we study {dvm+1, dvm; N, q}-minihypers, where q > 16 is a
square, d < q5/8/`2+1 and 2m+1 [N.
Theorem 4.1. A {dvm+1, dvm; N, q}-minihyper F, q > 16 square, d < q5/8/
`2+1, 2m+1 [N, is a unique disjoint union of m-spaces and subgeometries
PG(2m+1,`q).
Proof. From the previous sections, we can assume m \ 3. Let D be
an (N−2)-space containing dvm−1 points of F, then by Corollary 1.2, D 5 F
is a {dvm−1, dvm−2; N−2, q}-minihyper. By induction, it is a disjoint union
of PG(m−2, q)s and PG(2m−3,`q)s. Denote by H0, H1, ..., Hq the q+1
hyperplanes containing D. Then F 5Hi is a {dvm, dvm−1; N−1, q}-
minihyper for i=0, 1, ..., q, i.e., a disjoint union of PG(m−1, q)s and
PG(2m−1,`q)s.
Since these unions are unique, if A is a PG(m− 2, q) (resp. a
PG(2m−3,`q)) of F in D, then each Hi contains a PG(m−1, q) (resp. a
PG(2m−1,`q)) of F that contains A.
Suppose A is a PG(m−2, q) in D. Let B0 (resp. B1) be the PG(m−1, q) in
H0 (resp. H1) that contains A. If l0 and l1 are two lines of B0 and B1, inter-
secting in a point of D, then, by the same argument as in Lemma 3.1, the
plane Ol0, l1P is contained in F. It follows that the m-space OB0, B1P is con-
tained in F. It can be removed with the standard argument of Lemma 1.2.
Now we can assume that D 5 F is a union of PG(2m−3,`q)s. Let pB be
a PG(2m−3,`q) in D 5 F and let pB, 1 (resp. pB, 2) be the PG(2m−1,`q)
of H1 5 F (resp. H2 5 F) containing it. Now let l be a line in H1, l^ … D,
intersecting pB, 1 in a Baer line lB. Note that |l 5 F| [ d. Through l, there
exists an (N−m−1)-space pN−m−1 such that pN−m−1 5 F=l 5 F. If an
(N−m)-space contains more than d points of F, then it contains at least
q+1 points of F. Therefore there exists an (N−m)-space pN−m through
pN−m−1 intersecting F in exactly d points. All (N−2)-spaces through pN−m
intersect F in dvm−1 points. Let DŒ be such an (N−2)-space. All hyper-
planes through DŒ, denote them by H −0, H −1, ..., H −q, intersect F in a
{dvm, dvm−1; N, q}-minihyper, a disjoint union of PG(2m−1,`q)s.
Thus in H −i, there exists a PG(2m−1,`q), p −B, i, intersecting l in the
Baer line lB. Now H
−
i intersects H2 in an (N−2)-space, which in its turn
intersects p −B, i in a PG(2m−2,`q) or a PG(2m−3,`q). Since this
PG(2m−2,`q) (or PG(2m−3,`q)) contains p, it must be contained in
pB, 2. In the first case, OPG(2m−2,`q), lBP is contained in F; in the second
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case, OPG(2m−3,`q), lBP is contained in F. But repeating this argument
for H −i, i=0, 1, ..., q, proves that OlB, pB, 2P=: PG(2m,`q) is contained
in F. Now the line l can be varied, so OpB, 1, pB, 2P=: PG(2m+1,`q) is
contained in F.
Therefore every point of F is contained in a PG(2m+1,`q) of F.
Now suppose that some point p of F is contained in two
PG(2m+1,`q)s, say B1 and B2, of F. Let pN−2 be an (N−2)-space con-
taining p and intersecting F in dvm−1 points. The q+1 hyperplanes Hi
(i=0, 1, ..., q) on pN−2 intersect F in {dvm, dvm−1; N−1, q}-minihypers,
which are unique disjoint unions of PG(m−1, q)s and PG(2m−1,`q)s.
Now B1 and B2 intersect Hi in PG(2m−1,`q)s B −1, i and B −2, i, but since
they both contain p, they must be equal. This holds for i=0, 1, ..., q. It can
be concluded that the PG(2m+1,`q)s are disjoint.
By counting arguments, similar to those used in the previous sections,
this union is unique. L
Corollary 4.1. A {dvm+1, dvm; N, q}-minihyper F, q > 16 square, d <
q5/8/`2+1, is a unique disjoint union of m-spaces and subgeometries
PG(2m+1,`q).
Proof. The condition 2m+1 [N from Theorem 4.1 is not necessary.
Indeed, suppose that F is a minihyper with the correct parameters in
PG(N, q), N< 2m+1. Embed PG(N, q) in PG(NŒ, q) for some
NŒ \ 2m+1. In PG(NŒ, q), F is still a minihyper, and it has the same
parameters as in PG(N, q). Therefore F is as described in Theorem 4.1. L
5. APPLICATION TO MAXIMAL PARTIAL S-SPREADS
As indicated in Theorem 1.9, the set of holes of a maximal partial
s-spread in PG(N, q), (s+1) | (N+1), with deficiency d < q, form a
{dvs+1, dvs; N, q}-minihyper.
If q > 16 is square and d < q5/8/`2+1, then we know precisely what this
minihyper looks like (Theorem 4.1).
Since the set of holes of a maximal partial s-spread cannot contain an
s-space, this set of holes must be the disjoint union of subgeometries
PG(2s+1,`q).
This leads to the following result.
Theorem 5.1. LetS be a maximal partial s-spread in PG(N, q), (s+1) |
(N+1), q > 16, of deficiency d < q5/8/`2+1. Then d — 0 (mod`q+1)
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and the set of holes is the disjoint union of subgeometries PG(2s+1,`q)
in PG(2t+1, q).
Moreover, d \ 2(`q+1) when (2s+1)(`q−1) < q−1.
Proof. The condition on d follows from the cardinalities of
PG(2s+1,`q) and PG(s, q).
The fact that d=`q+1 cannot occur follows from the weight argument
of Blokhuis and Metsch [3]. L
The preceding result is the analogue of the Metsch-Storme results for
maximal partial 1-spreads in PG(3, q) and maximal partial s-spreads in
PG(2s+1, q) (see Corollary 1.1 and Theorem 1.5).
Other applications of this characterisation result on minihypers are pre-
sented in the third article of this series [10]. These applications include
results on maximal partial s-spreads in polar spaces, results on caps in
generalised quadrangles and results on caps on the generalised hexagon
H(q).
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